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Abstract —An analytical model has been formulated for fully-developed turbulent flow and heat transfer in finned annuli using a
modified mixing-length turbulence model. The model accounts for the conjugate heat transfer in the fluid and the solid, and the finite
thickness of the fins. Solutions were obtained using the finite element method adopting a mesh that exactly fits the solution domain
with fine elements near the solid boundaries. Predictions of the model have been compared with experimental results for smooth and
finned annuli with generally good agreement between data and predictions. The model has been extended to predict the conditions
at the onset of nucleate boiling using the criterion of Davis and Anderson. Again, these predictions agreed well in magnitude and
trend with experimental data of finned annuli.  2000 Éditions scientifiques et médicales Elsevier SAS
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Nomenclature

Cp specific heat . . . . . . . . . . . . . . . . J·kg−1·K−1

Df van Driest damping function
Dh hydraulic diameter . . . . . . . . . . . . m
hfg latent heat of vaporization . . . . . . . . J·kg−1

k thermal conductivity . . . . . . . . . . . W·m−1·K−1

L Nikuradse-type mixing length . . . . . . m
l mixing length . . . . . . . . . . . . . . . m
ṁ mass flow rate . . . . . . . . . . . . . . . kg·s−1

p pressure . . . . . . . . . . . . . . . . . . Pa
Pr Prandtl number=µCp/k
Qgen rate of heat generation per unit volume . W·m−3

r radial coordinate . . . . . . . . . . . . . . m
ri inner radius of annulus . . . . . . . . . . m
rm radius of maximum velocity . . . . . . . m
ro outer radius of annulus . . . . . . . . . . m
Re Reynolds number=wmDh/ν

s circumferential distance (figure 2) . . . . m
so half distance between adjacent fins

(figure 2) . . . . . . . . . . . . . . . . . . m
T temperature . . . . . . . . . . . . . . . . K

* Correspondence and reprints.
hsolima@cc.umanitoba.ca

W input power to heater . . . . . . . . . . . W

w velocity . . . . . . . . . . . . . . . . . . m·s−1

wm mean velocity . . . . . . . . . . . . . . . m·s−1

y coordinate measured normal to wall . . . m
z axial coordinate . . . . . . . . . . . . . . m

Greek symbols

θ angular coordinate
θo half-angle between two adjacent fins

µ viscosity . . . . . . . . . . . . . . . . . . N·s·m−2

ν kinematic viscosity . . . . . . . . . . . . m2·s−1

ρ density . . . . . . . . . . . . . . . . . . . kg·m−3

σ surface tension . . . . . . . . . . . . . . . N·m−1

τw wall shear stress . . . . . . . . . . . . . . Pa

Subscripts

1, 2 regions 1 and 2 infigure 1
f fluid
ft fin tip
sat saturation
sh sheath midway between two adjacent fins
t turbulent
v vapor
w wall
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1. INTRODUCTION

Fins are often used in the energy industry in order
to enhance the heat transfer rate (e.g., compact heat
exchangers, and nuclear fuel elements). Details of the
fluid-flow and heat-transfer characteristics are necessary
for the optimum design of finned passages for the given
constraints of each particular application.

For smooth annuli, a large number of experimental
and analytical studies (e.g., [1–15]) have been performed
to investigate the characteristics of turbulent fluid flow
and heat transfer. Some of these studies [2, 6, 7] have
dealt with developing flow in the entrance region; how-
ever, most of the studies dealt with fully-developed flow.
All referenced studies dealt with concentric annuli, ex-
cept for [6] that considered eccentric annuli as well. Lee
and Kim [9] studied the transverse curvature effects on
the external flow along a cylindrical body that were rel-
evant to the inner tube of an annulus. Air was used as
the test fluid in most of the studies [1–12], while water
was used in [13–15]. Typically, these studies covered a
narrow range of Reynolds number.

In contrast to the geometry of smooth annuli, informa-
tion on turbulent fluid flow and heat transfer in finned an-
nuli is rather limited in the literature. Patankar et al. [16]
presented an analytical model for fully developed turbu-
lent air flow in internally finned tubes and annuli. Their
model assumed zero-thickness fins, uniform wall tem-
perature circumferentially in the tube wall and fins, and
no secondary flow. Atomic Energy of Canada Limited
(AECL) has performed experimental studies on the prob-
lem of finned annuli. The development of high-flux nu-
clear reactors requires the design of a nuclear fuel ele-
ment that dissipates heat more effectively to the coolant.
This was achieved by installing a number of longitudi-
nal, rectangular fins on the thin sheath surrounding the
fuel pin. An experimental test facility was constructed
to study the pressure-drop and heat-transfer character-
istics of these finned fuel pins under various operat-
ing conditions [17]. Experimental data were generated
in the fully-developed region and the measurements in-
cluded the sheath temperature midway between two ad-
jacent fins, the fin-tip temperature, the pressure gradi-
ent, and the input power at the onset of nucleate boil-
ing (ONB) [18, 19]. However, detailed flow and tem-
perature measurements were not made in these stud-
ies.

It is evident from the above review that there is a
need to develop a theoretical model for turbulent flow
and heat transfer in finned annuli capable of handling
real practical applications. The model should take into

consideration the finite thickness of the fins and the
temperature variation within the solid as well as the fluid.
Therefore, the problem must be treated as a conjugate
heat-transfer problem.

The objectives of the present investigation are:

(1) To develop an analytical model (governing mo-
mentum and energy equations, and an appropriate tur-
bulence model for closure) for fully-developed turbulent
flow and heat transfer in annular finned passages. The
model should simulate real practical conditions such as
conjugate heat transfer in the fluid and solid regions, vari-
able fluid properties, and finite-thickness fins.

(2) To validate the model by comparing its predic-
tions against experimental data for smooth and finned an-
nuli.

(3) To extend the model in order to be able to predict
the ONB in finned annuli and to compare these results
against available experimental data.

2. MATHEMATICAL MODELLING

Figure 1shows an internally finned annulus that will
be used as the basic geometry for modelling in the
present study. The cross-section consists of three regions:
region 1 is the heater tube where a uniform rate of
internal heat generationQgen is assumed, region 2 is
the sheath and fins which is assumed to be in perfect
contact with region 1, and region 3 is the fluid region.
The inner surface of region 1 and the outer surface
of region 3 are assumed to be adiabatic. Because of
symmetry, computations will only be necessary over a
section that spans half the space between two adjacent
fins (section A-A infigure 1).

Figure 1. Geometry and coordinate system of the finned
annulus used in modelling.
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2.1. Governing equations and boundary
conditions

The cylindrical coordinate system (r, θ, z) was used
in the present study, wherer and θ are the radial
and angular coordinates (shown infigure 1), and z is
the axial coordinate normal to the page. Steady, fully-
developed flow (both hydrodynamically and thermally)
of an incompressible fluid is assumed. Similar to [16], the
secondary flow normal to the main axial flow is assumed
to be negligible. Under these assumptions, the governing
equations can be written as follows.

The energy equation for region 1 is given by

1

r

∂

∂r

(
k1r

∂T

∂r
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+ 1
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∂
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+Qgen= 0 (1)

The energy equation for region 2 is similar to that of
region 1 except for the heat generation term, i.e.
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For the fluid flow in region 3, the momentum equation
is given by
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whereµf andµt are the molecular and turbulent viscosi-
ties, respectively, and the axial pressure gradient dp/dz is
treated as a constant due to the fully-developed-flow con-
dition. The energy equation for region 3 can be written
as
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wherekf andkt are the molecular and turbulent thermal
conductivities for region 3, respectively, and dT/dz is the
axial temperature gradient, which is treated as a constant
due to the fully-developed condition and the uniform rate
of heat generation in region 1.

In equations (1)–(4),k1, k2, kf, ρf ,Cpf ,µf , andQgen
are known quantities. Models need to be formulated for
µt andkt. The value of dp/dz can be determined from
the fluid flow rate and dT/dz can be determined from

dT

dz
= QgenA1

ṁfCpf

(5)

whereA1 is the cross-sectional area of region 1. The
necessary boundary conditions are as follows:

(1) ∂w/∂θ = ∂T /∂θ = 0 at the symmetry planes of
all three regions,

(2) ∂T /∂r = 0 at the inner surface of region 1 and the
outer surface of region 3,

(3) continuity of temperature and heat flux at the
interface between regions 1 and 2, and the interface
between regions 2 and 3,

(4) a reference temperature is specified at any arbi-
trary point in region 3,

(5) w= 0 at all walls.

2.2. Turbulence model

Although considerable effort has been devoted to
the development and evaluation of different turbulence
models, to date no model has been found to be both
accurate and general for all flow geometries. A number
of candidate turbulence models were reviewed [20] and
the mixing-length model (also called the zero-equation
model) was chosen for the present study. This model was
also used in the analysis reported by Patankar et al. [16];
however, there are some key differences between the
present application of the mixing-length model and the
one in [16], which will be pointed out later.

The turbulence model is needed for the evaluation
of µt andkt, which appear in equations (3) and (4). Using
the mixing-length model, a commonly used formulation
for µt is given by

µt = ρf l
2
[(
∂w

∂r

)2

+
(

1

r

∂w

∂θ

)2]1/2

(6)

where l is the mixing length. The tube wall and the
fin surface simultaneously influence the value ofl. The
closer a point to one of these surfaces, the greater should
be the effect of that surface on the resultant value ofl. To
fulfill this requirement, a superposition method (proposed
in [16]) is used

1

l
= 1

lp
+ 1

lc
(7)

wherelp is the mixing length for pipe flow (without fins)
and lc is the mixing length for parallel plate channels
(which simulate the space between the fins). Thelc
component was formulated based on Nikuradse’s work
on the mixing-length model (referred to in [21]) and van
Driest [22] damping functionDf . Accordingly,

lc= (Df)cLc (8)
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Figure 2. Definition of parameters used in the turbulence
model.

where

(Df)c= 1− exp

(
− s
+

A+

)
(9)

and

Lc

so
= 0.8− 1.4

(
1− s

so

)2

+ 0.6

(
1− s

so

)4

(10)

As shown infigure 2, so is half the arc length between
two adjacent fins at a given radiusr, and s is the arc
length between a point (r, θ ) and the fin surface. The
dimensionless parameters+ is given by

s+ = s
√
τw/ρf

ν
(11)

whereτw is the local shear stress at the fin surface, and
A+ = 26.

In formulating thelp component, consideration must
be given to the form of the fully-developed velocity
profile in a smooth annulus with inner radiusri and
outer radiusro. The velocity is zero atr = ri , increases
to a maximum atr = rm, and decreases again to zero
at r = ro. Therefore, if we are to use pipe-flow-type
formulae for lp, we must develop one equation for the
inner region (ri ≤ r ≤ rm) and a different equation for the
outer region (rm≤ r ≤ ro).

Define

y = r − ri, ym= rm− ri
yo= ro− ri, yom= yo− ym

(12)

Again, using a Nikuradse-type mixing-length model, we
get

lp= (Df)pLp (13)

where

(Df)p= 1− exp

(
− y
+
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)
(14)

y+ = y
√
τw/ρf

ν
(15)

andA+ = 26. In the inner region,τw is the local shear
stress atr = ri andLp= Li . In the outer region,τw is the
local shear stress atr = ro andLp= Lo. Values ofLi and
Lo can be determined from
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)2
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(16)
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4
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(17)

The flow in the outer region is similar to pipe flow and,
therefore, the constants in equation (17) can be taken as
C1 = 0.14,C2 = 0.08, andC3 = 0.06 (Nikuradse [21]).
The coefficients in equation (16) must satisfy the follow-
ing conditions:

(a) Li = 0 aty = 0

(b)
∂Li

∂y
=Ki aty = 0, and

(c) Li = Lo aty = ym

(18)

Applying conditions (18) to equation (16), we get:

b1= 0.14
yom

ym

b2= 2b1− 0.5Ki, and (19)

b3= 0.5Ki − b1

The value ofKi was determined from the following
relationship derived by Roberts [3]:

Ki

K
= ro− rm
rm− ri

[
ri(r

2
o − r2

m)

ro(r2
m− r2

i )

]1/2

(20)

whereK is the von Karman constant (K = 0.4).

Similarly, the mixing length influenced by the fin tip
and the outer wall was obtained using the same procedure
described above. The only difference is that the distance
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from the inner wall was replaced by the distance from the
fin tip.

Equations (6)–(20) provide a complete model for the
determination ofµt subject to knowledge ofrm. For
smooth annuli, the value ofrm is independent ofθ ,
while for finned annuli,rm can vary significantly with
θ . In both cases, the location of the maximum velocity in
each radial line was determined numerically during the
iterative solution procedure.

The turbulent thermal conductivitykt was determined
from the well-known relation

kt = kf
µt

µf

Prf

Prt
(21)

wherePrt is the turbulent Prandtl number, which was
given a value of 0.9 throughout this investigation.

In the case of smooth annuli, the mixing-length theory
has an inherent shortcoming thatµt, as defined by
equation (6), becomes zero at the location of maximum
velocity and thus,kt becomes zero at this location, as
predicted by equation (21). These values are physically
incorrect according to the experimental measurements
of Lee and Park [7] and Reichardt [23]. A correction
is necessary; otherwise, the temperature profile near the
location of maximum velocity will contain an unphysical
kink. To remedy this shortcoming, the Reichardt [23]
expression forµt was utilized. Atr = rm, the Reichardt
expression reduces to

µt = ρf
K

6
(ro− rm)

√
τw

ρf
(22)

whereK (= 0.4) is the von Karman constant, andτw is
the local shear stress at the outer wall of the annulus. The
value ofµt given by equation (22) was regarded as the
minimum value thatµt can assume in the neighbourhood
of r = rm.

Many features of the above turbulence model are sim-
ilar to the model used by Patankar et al. [16]. How-
ever, two main differences exist between the two models.
These differences are:

(1) The value ofrm was determined numerically in
the present analysis (onerm value along each radial line).
Patankar et al. [16] used a correlation developed by Kays
and Leung [1] which gave a single value forrm over the
whole computational domain. This difference influenced
variables such asKi in equation (20), the coefficients
defined in equation (19),Li in equation (16), and the
shear stresses throughout the solution domain.

(2) The present analysis uses equation (22) forµt
near the location of maximum velocity, while the analysis

by Patankar et al. [16] allowsµt to go to zero at this
location.

3. NUMERICAL SOLUTION METHOD

The finite-element method was chosen as the solution
method in the present study because of its ability to fit
accurately an irregular geometry that contains curved and
square boundaries such as a finned annulus. A variational
approach [24] was used in obtaining the finite-element
formulation of governing equations (1)–(4) with the spec-
ified boundary conditions. The variational formulation
results in an integral form of each governing equation.
The integral form was solved numerically for each ele-
ment by transforming the physical coordinates of an ele-
ment to the master coordinates through the Jacobian ma-
trix. The element-based equations were combined with
the adjacent elements by imposing continuity at the in-
terfaces. When this algebraic equation was derived for all
elements, it resulted in a matrix of algebraic equations for
each of the dependent variablesw andT . The matrix for
each variable was then solved using a direct matrix solver.
The procedure used in this study for generating the finite-
element formulation, coordinate transformation, numeri-
cal integration, and assembling the matrix for each de-
pendent variable is described in [20].

Accuracy of the solution depends largely on the
mesh and nodal distribution over the solution domain.
The present study followed these guidelines for mesh
generation [24]:

(1) The mesh must accurately match the flow and
solid boundaries of the computational domain.

(2) The regions of large gradients ofw and/orT need
to be represented by small elements or a fine grid.

(3) The mesh should not contain elements with very
large aspect ratios or large angular distortions, especially
in the regions of large gradients.

A mesh generation program was developed and used
in the present investigation taking the above guidelines
into consideration. A gradient option was used to allow
the gradual stretching or clustering of the nodes, particu-
larly near the wall boundaries. A structured scheme was
used for ease of numbering and positioning of the ele-
ments and nodes.

An iterative procedure was followed in obtaining a so-
lution of the governing equations. The discretized forms
of the equations were solved sequentially using the most
recent values of the fields when solving each equation.
A relaxation factor of 0.5 was used in all the equations to
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avoid numerical divergence. The solution for the laminar
case was used as an initial guess of the fields. Iteration
continued until the following convergence criterion was
met: ∑N

i=1 |φni − φn−1
i |

N
≤ 5·10−3 (23)

whereφ is a dummy variable representingw in m·s−1

or T in K, φni is the current value at nodei, φn−1
i is

the previous value at nodei, andN is the total number
of nodes. The use of criterion (23) resulted in maximum
relative residuals (i.e.|φni − φn−1

i |/φni ) at all nodes that
were less than 4·10−6 for w and 3·10−4 for T .

The converged solution was also tested to insure that
it satisfied the overall momentum and energy balances.
This was done by comparing the force due to the axial
pressure gradient and the force due to wall friction and
allowing less than 0.1 % difference between the two
forces. As well, the total rate of heat leaving the solid
boundaries was compared with the total rate of heat
gained by the fluid (region 3 infigure 1) and allowing
a difference of less than 0.1 %. Further mesh refinements
were made (particularly near the solid boundaries) when
either of these conditions was not met.

Mesh-independence tests were conducted for each
solution geometry. A description of the mesh used in
generating the results for each geometry is given in the
section where the results for that particular geometry are
presented.

4. RESULTS AND DISCUSSION

The objectives of this section are: (a) to demonstrate
the accuracy of the mathematical model and the finite-
element numerical procedure, and (b) to establish the va-
lidity of the turbulence model to the geometries under
consideration. These objectives were met by comparing
the theoretical predictions of the present model with ex-
perimental data of smooth and finned annuli. Further, the
model was extended in order to include the predictions
of the Onset of Nucleate Boiling (ONB) in finned annuli
and these predictions were validated with experimental
data.

4.1. Smooth annuli

Fully-developed turbulent flow in smooth concentric
annuli was predicted for a wide range of radius ratioro/ri
(1.6 to 80.7), Reynolds numberRef (104 to 106), and

Prandtl numberPrf (0.7 to 10). A sample of the results is
presented here and more results can be found in [20]. For
this geometry, the boundary conditions reduce to uniform
temperature and heat flux atr = ri , adiabatic conditions
at r = ro, and axial symmetry (i.e. no variation in theθ
direction).

Grid-independence tests were conducted [20] and it
was found that good accuracy can be achieved with a grid
that had 69 quadrilateral elements and 140 nodes. Due to
axial symmetry, the grid was established over one stripe
of the annulus with a width of 0.27◦. The grid consisted
of 10 elements close to the inner wall, 10 elements close
to the outer wall, and 49 elements in the core joining the
inner and outer regions. The appropriate size of the near-
wall elements was found to decrease asPrf increased.
The width of the angular stripe (0.27◦), which determined
the element aspect ratio, was chosen in accordance with
the radial grid size.

Figure 3 shows a comparison between the predicted
values of µt and the experimental data of Lee and
Park [7] for ro/ri = 2.31 and 2.3·104 ≤ Ref ≤ 1.1·105.
The present predictions and the measured profiles agree
quite well for all values ofRef . Both the model and the

Figure 3. Comparison between data and predictions of turbu-
lent viscosity for a smooth annulus with ro/ri = 2.31.
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Figure 4. Comparison between data of Brighton and Jones [5]
and present predictions of the velocity profiles in smooth
annuli.

experimental results indicate thatµt increases to a peak
on both sides of the radius of maximum velocity and then
decreases near the radius of maximum velocity, but does
not go to zero. The classical mixing-length model will
predictµt = 0 at r = rm; however, the present model
avoids this situation by assuming a minimum value ofµt
nearr = rm given by equation (22).

Predictions of the fully-developed velocity profiles
are compared with the measurements of Brighton and
Jones [5] infigure 4for 1.78≤ ro/ri ≤ 16 and 9.3·104≤
Ref ≤ 3.3·105. Good agreement can be seen both inside
and outsiderm for the whole range of test conditions. The
value ofrm appears to be well predicted in all cases. As
ro/ri increases, the value ofrm decreases which resulted
in steeper velocity gradients near the inner wall.

Figure 5 shows a comparison between the predicted
temperature profile and the experimental data of Lee [6]
for ro/ri = 1.632, Ref = 4·104, and Prf = 0.7 (air).
The data infigure 5 correspond to(Ti − To) = 29.2 K
and the maximum difference between the measured
and calculated temperatures is about 3 K. The value
of Nusselt number corresponding to the conditions in
figure 5was calculated and found to be 5 % lower than
the experimental value reported in [6].

4.2. Finned annuli

In this section, we examine the validity of the present
model by comparing its predictions against experimental
data generated at AECL for finned annuli [17–19]. Those
experiments were conducted using a vertical test section
that consisted of a finned pin placed inside a glass tube,

Figure 5. Comparison between data and predictions of the
temperature profile in a smooth annulus with ro/ri = 1.632.

Figure 6. The finned-pin geometry used in [18].

thus forming a finned annulus. The finned pin, shown
in figure 6, was constructed from a stainless-steel tube
heater that was spray coated on the outside with a uniform
layer of aluminum oxide (0.076 mm thick) for electrical
insulation. An aluminum sheath with 8 longitudinal
rectangular fins was used for cladding. The dimensions of
the finned-pin geometry are shown infigure 6. Heat was
generated at a uniform rate by passing electric currents
through the tube heater. The glass tube surrounding the
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Figure 7. A schematic diagram of the test section and associ-
ated instrumentation used in [18].

finned pin had an inside diameter of 17 mm and thus,
the hydraulic diameter wasDh = 7.3 mm. Adiabatic
conditions are assumed at the inner surface of the heater
tube and the outer glass tube.

A detailed schematic diagram of the test section and
the associated instrumentation is shown infigure 7. Water
was fed at the bottom of the test section and it flowed ver-
tically upward towards the exit. The sheath (midway be-
tween two adjacent fins) and fin-tip (midpoint of the tip)
temperatures were measured at three axial locations us-
ing type-K thermocouples. Water bulk temperatures were
measured at the inlet and outlet of the test section using
resistance thermometers. The pressure drops were mea-
sured between different locations in the test section, as
shown infigure 7, using differential pressure transducers.
The test-section inlet and outlet pressures were measured
using absolute pressure transducers. A turbine meter was
used to measure the volumetric flow rate of water at the
test-section inlet. The power input was calculated from
the voltage and current measured across the tube heater.
Detailed information on the instrument calibration, test
procedure, and estimates of experimental uncertainty can
be found in [18–20].

Figure 8. Comparison between the present predictions of the
pressure gradient and AECL data for finned annuli.

Comparisons are made here against the data measured
at section 3 infigure 7. This section was located 550 mm
downstream from the inlet of the finned annulus (i.e.
more than 75 hydraulic diameters) and, therefore, fully-
developed conditions are assumed at this section. At this
section, the bulk temperature was calculated from an
energy balance using the inlet bulk temperature and the
power input, and the value of the mean velocity was
calculated from the measured volumetric flow rate at the
test-section inlet.

The geometry under consideration here is similar to
the one shown infigure 1with regions 1–3 representing
the tube heater, the sheath and fins, and the fluid flow re-
gions, respectively. Considering the symmetry of geom-
etry, a one-sixteenth part of the cross-section infigure 6
was discretized into a grid of 1 440 finite elements and
1 519 nodes. The grid covers the three regions (i.e. solv-
ing as a conjugate heat transfer problem) with 10 ele-
ments of fine size near all the solid boundaries.

Results of the pressure gradient dp/dz at various mean
velocitieswm are shown infigure 8. The experimental
data in this figure were collected under isothermal con-
ditions and the experimental uncertainty in dp/dz was
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Figure 9. Comparison between the present predictions of the
wall-to-bulk temperature difference and AECL data for finned
annuli at wm= 1.2 m·s−1.

Figure 10. Comparison between the present predictions of the
wall-to-bulk temperature difference and AECL data for finned
annuli at wm= 2.0 m·s−1.

claimed to be within±0.45 kPa·m−1 [18]. Excellent
agreement can be seen between the experimental data and
the present model. The results exhibit the expected be-
haviour of increasing pressure gradient with increasing
mean velocity.

Figures 9and10show the variation of the sheath tem-
peratureTsh and the fin-tip temperatureTft with the input
powerW at the two mean velocities of 1.2 and 2.0 m·s−1,
respectively. The experimental data correspond to three
pressures of approximately 0.13, 0.22, and 0.32 MPa.
It can be seen fromfigures 9and 10 that the pressure
has insignificant effect on the measured values ofTsh

andTft , which is consistent with the present model. Both
the data and the model show thatTsh is higher thanTft and
that the difference (Tsh− Tft ) increases asW increases.
This variation in wall temperature confirms that the heat
transfer in the solid (regions 1 and 2) is two-dimensional
and, therefore, the problem must be solved as a conju-
gate problem, as was done in the present model. In both
figures, the present model overestimates the (Tsh− Tft )
temperature difference. However, the agreement between
data and model in both comparisons can certainly be
considered reasonable when the experimental uncertainty
is taken into consideration. According to Hembroff et
al. [18], the measurement error of the wall temperature
was±2 K and the experimental error in the bulk tem-
perature was±1.2 K. Therefore, the experimental data
of wall-to-bulk temperature difference infigures 9and10
are within±2.3 K.

The experimental studies reported in [17–19] did
not include detailed measurements of the velocity and
temperature profiles in the flow domain. However, data
were reported on the ONB and, therefore, the present
model was extended to include the prediction of the
phenomenon, as described in the following section.

4.3. Onset of nucleate boiling

4.3.1. Background

Figures 9and10 show thatTsh, which is the highest
temperature in the cross-section, increases continuously
with W . At high enough values ofW , Tsh reaches a
level whereby boiling can be initiated. The onset of
nucleate boiling (ONB) is defined as the condition at
which the first vapor bubble appears on the heating
surface. Several ideas and modelling approaches have
been suggested for determining the conditions at ONB
(e.g., [25–28]). Among these studies, the work of Davis
and Anderson [28] was found to be the most applicable
to the present investigation.

The model proposed by Davis and Anderson [28]
is based on the thermodynamic equilibrium criterion
(given by the Clausius–Clapeyron equation) and the
Gibbs equation for the pressure difference across a
curved surface. These two equations were combined to
give the superheat equation for the ONB. They further
proposed that if a sufficiently wide range of cavity sizes is
present on the heating surface, the first cavities to become
active will be those corresponding to equal slopes of
the superheat equation and the temperature profile at
the wall. For applications involving liquids with low
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surface tension, Davis and Anderson developed a simple
formulation for the heat flux at ONB given by

q = kfhfgρv

8σTsat
(Tw − Tsat)

2 (24)

4.3.2. Application to finned annuli

Considering the finned annulus, shown infigure 1,
and the corresponding model given by equations (1)–(4),
it is possible to use this model in conjunction with
equation (24) for predicting the conditions at ONB.
The approach used in the present study is illustrated in
figure 11. Using the heat fluxq and the temperature
difference (Tw−Tsat) as coordinates, equation (24) can be
plotted, as shown infigure 11. The saturation temperature
Tsat corresponds to the local pressure at the cross-section
for which the ONB is to be predicted, and all properties
(kf , hfg, ρv, andσ ) were calculated atTsat. Consequently,
the position of the line representing equation (24) in
figure 11is a function of pressure. As well, the present
model can be executed for fixed mean velocity and
subcooling with various rates of heat generationQgenand

Figure 11. Graphical prediction of the conditions at ONB using
the criterion of Davis and Anderson [28].

produce a plot ofq (the local heat flux midway between
two adjacent fins) and (Tw − Tsat), whereTw = Tsh. The
position of this line would depend on the mean velocity
and subcooling. The conditions at ONB (heat flux and
local superheat) were assumed to be those corresponding
to the point of intersection infigure 11. These conditions
at ONB are therefore dependent on pressure, mean
velocity, and subcooling.

4.3.3. Comparison with experimental data

The AECL test facility, described briefly in Sec-
tion 4.2 andfigures 6and7, was also used for generat-
ing ONB data [17–19]. For various combinations of pres-
sure, inlet temperature, and inlet flow rates, experiments
were conducted at increasing finned-pin input power un-
til ONB was detected at section 3 infigure 7. Values ofW
andTsh at ONB were recorded in each experiment. The
first appearance of vapor bubbles was detected visually
with the aid of a stroboscopic light and an eight-power
telescope. Dissolved and trapped noncondensable gases
were removed from the test loop in each test. The first va-
por bubbles were always observed on the sheath between
the fins [18].

Comparisons were made between the AECL data and
the present model following the procedure described in
Section 4.3.2. The structure of the numerical grid used
in these predictions was identical to the one used for
the single-phase predictions. The predicted conditions
at ONB correspond to the same values of mass flow
rate, pressure, and bulk temperature reported in each
experiment.

Figure 12 shows a comparison between the experi-
mental and predicted values ofW for two pressures (0.2

Figure 12. Comparison between the experimental and pre-
dicted values of W at ONB.
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and 0.3 MPa) and a range of flow velocities. Excellent
agreement can be seen up towm = 4 m·s−1. For larger
velocities, the experimental values ofW appear to be sig-
nificantly under-predicted by the model. As bubble size
decreases with increasing flow rate, it is possible that vi-
sual observation may have missed the first appearance of
bubbles, thus overestimating the value ofW at ONB.

The effect of liquid subcooling (defined as the differ-
ence between saturation and bulk temperatures) on the
value ofW at ONB is shown infigure 13. Both data
and predictions correspond top = 0.2 MPa andwm =
1.15 m·s−1. Figure 13shows good agreement between
data and predictions with a trend of increasingW at ONB
with increasing liquid subcooling.

Figure 13. Effect of liquid subcooling on W at ONB.

Figure 14. Effect of pressure on the value of W at ONB.

The effect of pressure on the value ofW at ONB is
illustrated infigure 14. The data correspond to a narrow
range of bulk temperatures (54◦C ≤ Tb ≤ 57◦C) but
a wide range of mean velocities (0.6 m·s−1 ≤ wm ≤
4.1 m·s−1). Good agreement can be seen between data
and predictions with a trend of increasingW at ONB with
increasingp and/orwm.

The root-mean-square deviation between the experi-
mental and predicted values ofW at ONB was calculated
for all 25 data points and found to be approximately 13 %.
This constitutes a satisfactory validation of the present
modelling approach. The predicted ONB input powers
were consistently lower than the measured ONB input
powers.

5. CONCLUSIONS

A study was made of fully-developed turbulent flow
and conjugate heat transfer in annular finned passages.
The governing conservation equations of momentum and
energy were formulated with a turbulence closure model
based on the classical mixing-length theory. The mixing-
length model was modified so that the value of the mixing
length at a point can be determined by superimposing
the contributions from its surrounding surfaces. The
governing equations were solved using the finite-element
method, thus producing detailed velocity and temperature
distributions in finned annuli.

For the case of smooth annuli, fully-developed ve-
locity and temperature profiles were predicted for wide
ranges ofro/ri , Ref , andPrf . The overall agreement be-
tween the present numerical results and data from differ-
ent sources is quite good in terms of turbulent viscosity,
velocity profile, and temperature profile.

The present model simulated AECL experiments on
finned annuli and the results were compared with the
measured pressure gradient and two local surface tem-
peraturesTsh andTft . The predicted pressure gradient is
in excellent agreement with the data and the predicted
temperatures are in good agreement, particularly at low
mean velocities. The predicted wall temperature peaked
at the sheath centre between fins, and decreased along the
fin side reaching a minimum at the centre of the fin tip.

The analysis was extended to predict the ONB for
finned annuli using the criterion of Davis and Ander-
son [28]. The predicted ONB results showed good agree-
ment with AECL data for finned annuli, particularly for
wm< 4.0 m·s−1. Both the measured and predicted ONB
occurred on the sheath centre. The predicted ONB fol-
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lowed the trends in the data wherebyW at ONB increased
with wm, p, and fluid subcooling.
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